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We construct the d dimensional “half” Schro¨dinger equation, which is a kind of the root of
the Schro¨dinger equation, from the d + 1 dimensional free Dirac equation. The solution of the
“half” Schro¨dinger equation also satisfies the usual free Schro¨dinger equation. We also find that the
explicit transformation laws of the Schro¨dinger and the half Schro¨dinger fields under the Schro¨dinger
symmetry transformation are derived by starting from the Klein-Gordon equation and the Dirac
equation in d+1 dimensions. We derive the 3 and 4 dimensional super-Schro¨dinger algebra from the
superconformal algebra in 4 and 5 dimensions. The algebra is realized by introducing two complex
scalar and one (complex) spinor fields and the explicit transformation properties have been found.
PACS numbers: 11.30.Pb ,11.25.Hf ,03.65.-w
I. INTRODUCTION
Motivated with the original AdS/CFT correspondence [1–3], non-relativistic conformal symmetry [4, 5], especially
for the cold atom [6] has attracted some attentions as a correspondence between the gravity in the anti-de Sitter
(AdS) background and the non-relativistic conformal field theory [7–12]. The non-relativistic conformal symmetry is
the Galilean conformal symmetry containing the Galilei symmetry and conformal symmetry.
The symmetry in the free Schro¨dinger equation [13–16] , called as the Schro¨dinger symmetry, is a kind of Galilean
conformal symmetry. The algebra of the Schro¨dinger symmetry in d− 1 spacial dimensions is the subalgebra of d+1
dimensional conformal algebra, which is the algebra of the isometry of d + 2 dimensional AdS space-time. Then
the d dimensional (d − 1 spacial dimensional) free Schro¨dinger equation can be derived from the d + 1 dimensional
Klein-Gordon equation by choosing the wave function to be an eigenstate of the momentum of a light-cone direction.
In this paper, we define the “half” Schro¨dinger equation, which is a kind of the root of the Schro¨dinger equation,
from the d+1 dimensional free Dirac equation1. We find the solution of the “half” Schro¨dinger equation also satisfies
the free Schro¨dinger equation. Since the Klein-Gordon equation and the Dirac equation have conformal symmetry,
the explicit transformation laws of the Schro¨dinger and the half Schro¨dinger fields under the Schro¨dinger symmetry
transformation can be derived. Since there are scalar field(s) corresponding to the Klein-Gordon field(s) and spinor
field(s) to the Dirac field(s), we may consider the supersymmetry [18–21]. We should note that a non-relativistic
supersymmetry for the vector and spinor has been considered in [24]. Starting from the superconformal algebra in 4
and 5 dimensions, we derive the 3 and 4 dimensional super-Schro¨dinger algebra. The algebra is realized by introducing
two complex scalar and one (complex) spinor fields.
II. SCHRO¨DINGER SYMMETRY FROM THE KLEIN-GORDON AND DIRAC EQUATIONS
We now show that the d dimensional free Schro¨dinger equation can be derived from d+ 1 dimensional d’Alembert
equation (massless Klein-Gordon equation) by choosing the wave function to be an eigenstate of the momentum of a
light-cone direction.
We denote the coordinates in d+ 1 dimensional flat space-time by {xµ} (µ = 0, · · · d) and choose the metric tensor
by ηµν := diag(−1, 1, · · · , 1). We now define the light-cone coordinates by
x± :=
1√
2
(x0 ± xd) . (1)
1 The Schro¨dinger symmetry for the spinor field has been investigated in [17].
2Then in terms of the light-cone coordinates, the metric tensor has the following form:
ηµν =


0 −1
−1 0
1
. . .
1

 (2)
Now µ, ν = +,−, i = 1, · · · d− 1. Then, for example, we have x± = −x∓ and
p± :=
1√
2
(p0 ± pd) , p± = −p∓ . (3)
Now the relativistic energy-momentum relationship for the massless particle pµpµ = −2p+p− + p2 = 0 can be
rewritten if we write
p+ =M , p− ≡ E , (4)
as
E =
1
2Mp
2 , (5)
which is nothing but the expression of the kinetic energy for the non-relativistic particle with massM in d dimensional
space (d+ 1 space-time dimensions).
Eq. (5) may suggest that the massless Klein-Gordon equation could be rewritten as the free Schro¨dinger equation.
By using the light-cone coordinates, the Klein-Gordon equation has the following form:
(−2∂+∂− + ∂i∂i)φ = 0 . (6)
We now choose φ to be an eigenstate of ∂+ as ∂+φ = −iMφ and we regard a light-cone coordinate x− as a “time”-
coordinate x− ≡ t. Then the Klein-Gordon equation (6) can be rewritten as the free Schro¨dinger equation:
i∂tφ = − 1
2M△φ . (7)
Since we assume φ to be an eigenstate of ∂+, φ has the following form:
φ(x+, x−, xi) = e−iMx
+
φ˜(x−, xi) . (8)
Later we consider the conformal transformation of the Schro¨dinger field φ, where the transformation of x+ can be
interpreted as a phase of φ˜.
The free massless Dirac field also satisfies the Klein-Gordon equation. Then by rewriting the Dirac equation by
choosing the Dirac field ψ to be an eigenstate of ∂+ as ∂+ψ = −iMψ and regarding light-cone coordinate x− as
a “time”-coordinate x− ≡ t, we obtain the Schro¨dinger version of the Dirac equation. We now use the following
convention for the γ matrices:
{γµ, γν} = 2ηµν , γµ† = γ0γµγ0 , Σµν := 1
4
[γµ, γν ] ,
γ5 := iγ0γ1γ2γ3 , γ± :=
1√
2
(γ0 ± γd) = − 1√
2
(γ0 ∓ γd) =: −γ∓ . (9)
Then we obtain
{γ+, γ−} = −2 , {γ±, γi} = 0 (i = 1, 2, · · · , d− 1) , (γ+)2 = (γ−)2 = 0 . (10)
Then by choosing the Dirac field ψ to be an eigenstate of ∂+ as ∂+ψ = −iMψ, the Dirac equation has the following
form: (
iγa∂a +Mγ+
)
ψ = 0 (a = −, i) , (11)
3which tells ψ satisfies the Schro¨dinger equation:
(2iM∂t + ∂i∂i)ψ = 0 . (12)
Then Eq. (11) is the Schro¨dinger version of the Dirac equation, which we call the “half Schro¨dinger equation”.
The d-dimensional Schro¨dinger algebra is given as a subalgebra of the d+1 dimensional conformal algebra SO(d+
1, 2), which is given by
[Mµν ,Mρσ] = i(ηµσMνρ − ηµρMνσ − ηνσMµρ + ηνρMµσ) ,
[Mµν , Pρ] = i(ηνρPµ − ηµρPν) , [Mµν ,Kρ] = i(ηνρKµ − ηµρKν) ,
[D,Pµ] = −iPµ , [D,Kµ] = iKµ , [Kµ, Pν ] = −2i(ηµνD +Mµν) . (13)
Here Mµν generates the Lorentz boost and the rotation and Pµ generates the translation. Furthermore the operator
D generates the dilatation
xµ → e−λxµ , (14)
and Kµ generates the special conformal transformation given by
xµ → x
µ − cµx2
1− 2cµxµ + c2x2 . (15)
The d−1 dimensional Schro¨dinger algebra sch(d−1) is the subalgebra of the conformal algebra which does not change
the eigenvalueM of P+, that is, the algebra given by the generators commuting with P+.
[Jij , Jkl] = i(δilJjk − δikJjl − δjlJik + δjkJil) ,
[Jij , H ] = 0 , [Jij , E] = 0 , [Jij , F ] = 0 ,
[Pi, Pj ] = 0 , [Pi, H ] = 0 , [Pi, E] = iPi , [Pi, F ] = 0 , [Jij , Pk] = i(δjkPi − δikPj) ,
[Gi, Gj ] = 0 , [Gi, H ] = iPi , [Gi, E] = iGi , [Gi, F ] = 0 , [Jij , Gk] = i(δjkGi − δikGj) ,
[Pi, Gj ] = iMδij , [E,H ] = −2iH , [E,F ] = 2iF , [F,H ] = iE . (16)
Here
H = P− , Pi = Pi , P+ =M , Jij =Mij , Gi =M+i , E = D +M−+ , F = 1
2
K+ . (17)
The generators H , Pi, Jij , Gi, E, and F generate the translation of time, the translation of the spacial coordinates,
the spacial rotation, the Galilei boost, the dilatation, and the special conformal transformation, which are explicitly
given as the following transformation of the coordinates:
H : t→ t+ a , Pi : xi → xi + bi , Jij : xi → Rijxj (Rij ∈ SO (d− 1)) , Gi : xi → xi + vit ,
E : t→ λ2t and xi → λxi F : t→ 1
1 + ft
t and xi → 1
1 + ft
xi . (18)
In (16), sinceM can be regarded as a c number, the commutator of Pi and Gj becomes a central extension. In fact,
this algebra is one of the central extended of the Galilean conformal algebra which is constructed by nonrelativistic
limit (c→∞) of conformal algebra. [22]
As well known, the Klein-Gordon equation (6) and the Dirac equation are invariant under the conformal trans-
formation and therefore the Schro¨dinger equation (7) and the half Schro¨dinger equation (11) is invariant under the
Schro¨dinger transformation. The invariance of the Klein-Gordon and the Dirac equations and the transformation law
of the Klein-Gordon and the Dirac fields in general D dimensions are explicitly given in the appendices.
III. SUPER-SCHRO¨DINGER SYMMETRY FROM SUPERCONFORMAL SYMMETRY
Since we have found that both of the Klein-Gordon equation and the Dirac equation have the Schro¨dinger sym-
metry and found the explicit transformation laws of the Klein-Gordon and the Dirac fields, we now like to find the
transformation connecting the Klein-Gordon field(s) and the Dirac field(s), which is the super-Schro¨dinger symmetry
transformation.
The supersymmetric extension of the conformal symmetry is known as the superconformal symmetry. In this
section, for simplicity, we construct (2 + 1) and (3 + 1) dimensional super-Schro¨dinger algebra starting with the
D = 4, N = 1 and D = 5, N = 2 superconformal algebra.
4A. Construction of (2 + 1) dimensional super-Schro¨dinger algebra form the reduction of D = 4, N = 1
superconformal algebra
D = 4, N = 1 Superconformal algebra[23], which is given by, in addition to the conformal algebra SO(4, 2) (13),
{Qα, Q¯β} = −1
2
iγ
µ
αβPµ , {Sα, S¯β} =
1
2
iγ
µ
αβKµ , {Qα, S¯β} = −
1
2
iδαβD +
1
2
iΣµναβMµν + γ
5
αβA ,
[Qα,Mµν ] = i(ΣµνQ)α , [Sα,Mµν ] = i (ΣµνS)α , [Qα, D] =
1
2
iQα , [Sα, D] = −1
2
iSα ,
[Qα,Kµ] = −i(γµS)α , [Sα, Pµ] = i(γµQ)α , [Qα, A] = −3
4
(γ5Q)α , [Sα, A] =
3
4
(
γ5S
)
α
. (19)
In order to obtain the closed algebra, we define projection operators P and P¯ as follows
P := −1
2
γ−γ+ , P¯ := −1
2
γ+γ− , (20)
which satisfy the following equations:
P + P¯ = −1
2
{γ−, γ+} = 1 , P2 = 1
4
γ−γ+γ−γ+ = −1
2
γ−γ+ = P ,
Pγ− = γ−P¯ = γ− , γ+P = P¯γ− = γ+ , Pγ+ = γ+P¯ = γ−P = P¯γ− = 0 ,
ηP = −1
2
η†P† = −1
2
η¯γ+γ− , P¯ = −P† := −1
2
γ+γ− ,
P¯γaP = 0 (a = −, 1, . . . , d− 1) , P¯γ+P = γ+ . (21)
If we define
Tα := P¯αβSβ , T¯α := S¯βPβα = P¯αβSβ , (22)
we obtain
(γ+T )α = (T¯ γ
−)α = 0 . (23)
Then a closed algebra, which we call the super-Schro¨dinger algebra, is given by
{Qα, Q¯β} = −1
2
iγ−αβH −
1
2
iγiαβPi −
1
2
iγ+αβM , {Tα, T¯β} = iγ+αβF ,
{Qα, T¯β} = 1
4
i(γ−γ+)αβE − 1
4
i(Σijγ
−γ+)αβJij +
1
2
i(γ+γi)αβGi − 1
2
(γ5γ−γ+)αβA ,
[Qα, Jij ] = i(ΣijQ)α , [Tα, Jij ] = i(ΣijT )α , [Qα, Gi] = −1
2
i(γ−γiQ)α , [Tα, Gi] = 0 ,
[Qα, E] = −1
2
i(γ−γ+Q)α , [Tα, E] = −iTα , [Tα, H ] = −i(γ+Q)α , [Tα, Pi] = −1
2
i(γ+γ−γiQ)α ,
[Tα, F ] = 0 , [Qα, F ] =
1
2
i(γ−T )α , [Qα, A] = −3
4
(γ5Q)α , [Tα, A] =
3
4
(γ5T )α . (24)
We now consider the following Lagrangian
L = iψ¯γµ∂µψ − 1
2
∑
i=i,2
∂µφ
∗
i ∂
µφi . (25)
The Lagrangian is invariant under the following superconformal transformation:
δQφ1 = −1
2
i(ξ¯ψ) , δQφ2 = −1
2
i(ξ¯γ5ψ) , δQψ =
1
2
(iγ−∂t + iγ
i∂i +Mγ
+)(ξφ1 − γ5ξφ2) ,
δTφ1 = −1
2
i(η¯P¯(tγ+ − xiγi)ψ) , δTφ2 = 1
2
i(η¯P¯γ5(tγ+ − xiγi)ψ) ,
δTψ =
1
2
i[(2t∂t + xi∂i + 2) + γ
+γi(t∂i − iMxi)− Σij(xi∂j − xj∂i)](φ1 + γ5φ2)Pη ,
δAφ1 = −1
2
θφ2 , δAφ2 =
1
2
θφ1 , δAψ = −1
4
θγ5ψ . (26)
5Here the ξ, η and θ are parameters of the transformation. The transformation (26) is closed on shell.
As we are considering the field theory in 4 dimensions, we may define γ5 and the chiral projection operators PL,R
by
γ5 := iγ0γ1γ2γ3 , PL := 1
2
(
1− γ5) , PR := 1
2
(
1 + γ5
)
. (27)
We also define the left and right parts for the Dirac field and also the scalar field by
ψL := PLψ , ψR := PRψ , φL := φ1 − φ2 , φR := φ1 + φ2 . (28)
Then the transformation laws (26) can be rewritten as
δQLφL = −i(ξ¯ψL) , δQRφR = −i(ξ¯ψR) ,
δQRψL =
1
2
(iγ−∂t + iγi∂i +Mγ
+)PRξφL , δQLψR =
1
2
(iγ−∂t + iγi∂i +Mγ
+)PLξφR ,
δTRφL = −ix(η¯P¯(tγ+ − xiγi)ψL) , δTLφR = −ix(η¯P¯(tγ+ − xiγi)ψR) ,
δTLψL =
1
2
i[(2t∂t + xi∂i + 2) + γ
+γi(t∂i − iMxi)− Σij(xi∂j − xj∂i)]PPLηφL ,
δTRψR =
1
2
i[(2t∂t + xi∂i + 2) + γ
+γi(t∂i − iMxi)− Σij(xi∂j − xj∂i)]PPRηφR ,
δA˜φL = −θφR , δA˜φR = θφL , δA˜ψL =
1
2
θψL , δA˜ψR = −
1
2
θψR . (29)
Here A˜ := 2A. Except the transformation generated by A, the transformations are closed on the left and right parts,
respectively.
B. Construction of (3 + 1) dimensional super-Schro¨dinger algebra from the reduction of D = 5, N = 2
superconformal algebra
D = 5, N = 2 Superconformal algebra [25][26] is given by,
{QAα, Q¯Bβ } = −
1
2
iδBAγ
µ
αβPµ , {SAα, S¯Bβ } =
1
2
iδBAγ
µ
αβKµ , {QAα, S¯Bβ } = δBA
(
1
2
iδαβD − 1
2
iΣµναβMµν
)
+ δαβR
B
A ,
[QAα,Mµν ] = i(ΣµνQA)α , [SAα,Mµν ] = i(ΣµνSA)α , [QAα, D] =
1
2
iQAα , [SAα, D] = −1
2
iSAα ,
[QAα,Kµ] = −i(γµSA)α , [SAα, Pµ] = i(γµQA)α ,
[QAα, RBC ] =
3
4
(εABQkα + εACQjα) , [SAα, RBC ] =
3
4
(εABSkα + εACSjα) ,
[RAB, RCD] =
3
4
(εACRBD + εBDRAC + εADRBC + εBCRAD) (30)
and conformal algebra SO(5, 2) (13).
Here fermionic generators with extra indices, A,B,C... = 1, 2 , is SU(2) Majorana spinors and RAB = RBA is
SU(2) R-symmetry generators. These indices are raised and lowered with totally antisymmetric tensor εAB and ε
AB
(ε12 = ε
12 = 1), as
ζA := εABζB, ζA := ζ
BεBA , (31)
and SU(2) R invariant inner product is defined by contraction of raised and lowered indices,
ζ¯A1 ζ2A = ε
AB ζ¯1Bζ2A = εAB ζ¯
1Aζ2B . (32)
In the same way as in the (2 + 1) dimensional case (22), we reduce this algebra using by projection operators (20),
6such as
{QAα, Q¯Bβ } = −
1
2
iδBA [γ
−
αβH + γiαβPi + γ
+
αβM] , {SAα, T¯Bβ } = iδBAγ+αβF ,
{QAα, T¯Bβ } = −δBA
[
1
4
i(γ−γ+)αβE − 1
4
i(Σijγ
−γ+)αβJij +
1
2
i(γ+γi)αβGi
]
− 1
2
(γ−γ+)αβR
B
A ,
[QAα, Jij ] = i(ΣijQA)α , [TAα, Jij ] = i(ΣijTA)α , [QAα, Gi] = −1
2
i(γ−γiQA)α ,
[TAα, Gi] = 0 , [QAα, E] = −1
2
i(γ−γ+QA)α , [TAα, E] = −iTAα , [TAα, H ] = −i(γ+QA)α ,
[TAα, Pi] = −1
2
i(γ+γ−γiQA)α , [TAα, F ] = 0 , [QAα, F ] =
1
2
i(γ−TA)α ,
[QAα, RBC ] =
3
4
(εABQCα + εACQBα) , [TAα, RBC ] =
3
4
(εABTCα + εACTBα) ,
[RAB, RCD] =
3
4
(εACRBD + εBDRAC + εADRBC + εBCRAD) . (33)
Thus, the on-shell transformation of hypermultiplet including two scalar fields φA and one spinor field ψα is
δQφ
A = −1
2
i(ξ¯Aψ) , δQψ = (iγ
−∂t + iγi∂i +Mγ+)ξAφA , δTφA = −1
2
i(η¯AP¯(tγ+ − xiγi)ψ) ,
δTψ = −i[(2t∂t + xi∂i + 3) + γ+γi(t∂i − iMxi)− Σij(xi∂j − xj∂i)]PηAφA ,
δRφ
A = −3
2
θABΦ
B , δRψ = 0 . (34)
Here the SU(2) Majorana spinor ξA, ηA and 2 × 2 (anti-)Hermitian traceless matrix θAB are parameters of the
transformation. In contrast to the 3 dimensional algebra (except the transformation generated by A), because of
R-symmetry invariance of spinor field ψ, the transformations of two scalar fields φA are not closed.
IV. SUMMARY
In this paper, we have found the “half” Schro¨dinger equation, which is a kind of the root of the Schro¨dinger
equation, from the d + 1 dimensional free Dirac equation. Starting from the Klein-Gordon equation and the Dirac
equation in d+1 dimensions, the explicit transformation laws of the Schro¨dinger and the half Schro¨dinger fields under
the Schro¨dinger symmetry transformation have been derived. We have also obtained the 3 and 4 dimensional super-
Schro¨dinger algebra from the superconformal algebra in 4 and 5 dimensions. The algebra is realized by introducing
two complex scalar and one (complex) spinor fields and the explicit transformation properties have been found. It
could be interesting to find any system which has this kind of supersymmetry.
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Appendix A: Conformal transformations of scalar and spinor fields
1. Scalar
Here we review on the conformal symmetry in D dimensional space-time and show the invariance of the Klein-
Gordon equation and the transformation law of the Klein-Gordon field under the conformal transformation.
We consider the coordinate transformation:
xµ = fµ (x˜ν) . (A1)
7Under the coordinate transformation, the flat metric in D dimensions
ds2 = ηµνdx
µdxν , (A2)
is changed as
ds2 = ηµν
∂fµ
∂x˜ρ
∂fν
∂x˜σ
dx˜ρdx˜σ . (A3)
When the transformed metric is proportional to ηµν
ηρσ
∂fρ
∂x˜µ
∂fσ
∂x˜ν
= C (x˜τ ) ηµν , (A4)
the transformation (A4) is called conformal transformation. Here C (x˜τ ) is a function of the coordinate and determined
by multiplying Eq. (A4) with ηµν as
C (x˜τ ) =
1
D
ηµνηρσ
∂fρ
∂x˜µ
∂fσ
∂x˜ν
. (A5)
Then substituting (A5) into (A4), we obtain
ηρσ
∂fρ
∂x˜µ
∂fσ
∂x˜ν
=
1
D
ηµνηρσηαβ
∂fρ
∂x˜α
∂fσ
∂x˜β
, (A6)
We call fµ(x˜ν) satisfying (A6) as the conformal Killing vector. We now define a matrix Mµν by
Mµν ≡
∂fµ (x˜ρ)
∂x˜ν
, (A7)
Eq. (A6) can be rewritten as
ηµνM
µ
ρM
ν
σ =
1
D
ηρση
αβηµνM
µ
αM
ν
β . (A8)
By regarding the quantity in (A8) as a matrix with indexes ρ and σ and considering the determinant, we obtain
ηαβηµνM
µ
αM
ν
β = DM
2
D . (A9)
Here M is the determinant of Mµν : M = detM
µ
ν .
We now consider the coordinate transformation (A1) for the massless scalar field φ:
S =
1
2
∫
dDx ηµν∂µφ∂νφ . (A10)
Then we obtain
S =
1
2
∫
dDx˜Mηµν
(
M−1
) ρ
µ
(
M−1
) σ
ν
∂ρ
(
M
2−D
2 φ˜
)
∂σ
(
M
2−D
2 φ˜
)
. (A11)
Here φ˜ is defined by
φ˜ =M
D−2
2 φ . (A12)
By using (A8) and (A9), we can rewrite the action (A11) as
S =
1
2
∫
dDx˜
{
ηµν∂µφ˜∂ν φ˜+ 2
(
2−D
2D
)
ηµν
(
M−1∂µM
)
φ˜∂ν φ˜+
(
2−D
2D
)2
ηµν
(
M−1∂µM
) (
M−1∂νM
)
φ˜2
}
.
(A13)
By using the partial integration, we can further rewriting (A13) as
S =
1
2
∫
dDx˜
{
ηµν∂µφ˜∂ν φ˜− (D − 2)
4 (D − 1) φ˜
2
(
− (D − 1) ηµν∂µ∂νζ − (D − 2) (D − 1)
4
ηµν∂µζ∂νζ
)}
. (A14)
8Here ζ is defined by
ζ ≡ 2
D
lnM . (A15)
Then Eqs. (A3), (A6), and (A7) tell that the metric tensor gµν is given by
gµν = e
ζηµν . (A16)
For the metric (A16), the scalar curvature R is given by
R =
(
− (D − 1) ηµν∂µ∂νζ − (D − 2) (D − 1)
4
ηµν∂µζ∂νζ
)
eζ . (A17)
Since the metric (A16) is obtained from the flat metric (A2), where the scalar curvature vanishes, the scalar curvature
(A17) also vanishes. Then the second term in (A14) vanishes and we find
S =
1
2
∫
dDx ηµν∂µφ∂νφ =
1
2
∫
dDx˜ ηµν∂µφ˜∂ν φ˜ , (A18)
that is, the action (A10) of massless free scalar is invariant under the coordinate transformation (A1) and (A12) where
fµ is the conformal Killing vector satisfying (A6).
2. Spinor
Here show the invariance of the Dirac equation and the transformation law of the Dirac field, that is, spinor field,
under the conformal transformation.
In order to investigate the conformal transformation in the spinor field, we consider the infinitesimal transformation
xµ = x˜µ + δxµ . (A19)
Then by defining,
mµν ≡
∂δxµ
∂x˜ν
, (A20)
we can rewrite the condition (A8) for the conformal transformation as
1
2
(mµν +mνµ) =
1
D
ηµνm, m ≡ mµµ . (A21)
The action of the Dirac fermion is given by
S = i
∫
dDxψ¯γµ∂µψ . (A22)
We now consider the following infinitesimal transformation:
ψ =
(
1− D − 1
2D
+
1
2
mµνΣµν
)
ψ˜ , (A23)
which gives
ψ¯ =
(
1− D − 1
2D
− 1
2
mµνΣµν
)
˜¯ψ , (A24)
Then we find
S = i
∫
dDx
(
˜¯ψγµ∂µψ˜ −mνµ ˜¯ψγµ∂νψ˜ −m ˜¯ψγµ∂µψ˜ −
D − 1
2D
˜¯ψγµψ˜∂µm+
1
2
˜¯ψγρΣµνψ˜∂ρm
µν
)
. (A25)
9Since
dDx (1−m) = dDx˜ , ∂˜µ ≡ ∂
∂x˜µ
=
∂
∂xµ
−mνµ
∂
∂xν
, (A26)
we find
S = i
∫
dDx˜
(
˜¯ψγµ∂˜µψ˜ − D − 1
2D
˜¯ψγµψ˜∂˜µm+
1
2
˜¯ψγρΣµν ψ˜∂˜ρm
µν
)
. (A27)
In case of rotation (including the Lorentz transformation), translation, and dilatation, mµν is a constant or vanishes
and therefore ∂µm = ∂ρm
µν , which tells that the action (A22) is invariant under the rotation (including the Lorentz
transformation), translation, and dilatation. In case of the special conformal transformation with a infinitesimal
parameter cµ,
δx = cµ (x˜)
2 − 2x˜µx˜ρcρ , (A28)
we find
∂µm = −2Dcµ , γρΣµν∂ρmµν = −2 (D − 1) cµγµ , (A29)
and therefore the second and the third te7rms in (A25) cancel with each other and the action (A22) is invariant under
the special conformal transformation (A26).
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